This paper presents a general method to estimate unmeasured external contact loads (ECL) acting on a system whose kinematics and inertial properties are known. This method is dedicated to under-determinate problems, e.g. when the system has two or more unmeasured external contact wrenches. It is based on inverse dynamics and a quadratic optimization, and is therefore relatively simple, computationally cost eective and robust. Net joint loads (NJL) are included as variables of the problem, and thus could be estimated in the same procedure as the ECL and be used within the cost function.
Introduction
Human motion analysis focuses more and more on dynamic variables. In particular, analysis of the external contact loads (ECL) allows characterizing the nature and the role of interactions between a subject and its environment. For example, Chateauroux and Wang (2010) classied hand/vehicle contacts during # car ingress/egress motions based on their role on the motion: exploration of the environment, balance maintenance and participation to the displacement.
Knowledge of the ECL is also necessary to analyze the dynamics of a motion, typically the internal loads such as the net joint torques (NJT) or muscle forces.
These internal loads are not directly measurable with non invasive techniques.
They are usually estimated using inverse dynamic approaches, i.e. based on the knowledge of the system's kinematics, its inertia properties and the ECL acting on it (e.g. Dariush et al., 2000; Doriot and Cheze, 2004; Dumas et al., 2007b; Silva and Ambrosio, 2002; Winter, 1990) .
Classically ECL are directly recorded using load sensors. However, direct # measurement may be technically complex, especially for ambulatory or out of the lab experiments. Besides, use of force sensors tends to reduce the ecological aspect of an experiment. A classical illustration would be the force plate targeting problem in gait analyses (Challis, 2001; Oggero et al., 1998) . Another example would be ergonomic experiments performed in complex environments, such as car ingress-egress (Causse et al., 2009; Kim and Lee, 2009) where the diculty to equip every mock-up parts lead experimenters to limit the possible contact areas for the subject, and eventually limit the variety and naturalness of movements.
It is therefore necessary to use modeling techniques to indirectly estimate # the ECL from the known kinematics of body segments (measured or simulated).
One of the method could be to use a detailed model of the contacts, in particular for the foot-ground contact during locomotion (Fluit et al., 2012; Pandy, 2001 ).
However such models are dicult to adjust, potentially expensive in computation and sensitive to the modeling hypotheses (Dorn et al., 2012 ). An alternative ! is to use an inverse approach, i.e. to estimate the ECL acting on a system that lead to its observed motion (Pillet et al., 2010; Sanders et al., 1991) . However, one of the limitations of this approach is that it becomes under-determined if there are more unknown ECL components than independent governing equations. This usually occurs when there are multiple unmeasured contacts loads !# with the environment. Thus, setting an assumption on the load sharing becomes necessary.
In the past, only few studies have proposed to deal with these types of underdetermined problems. Most of them focused on bipedal phase of the gait and represented the load sharing with mathematical functions (Davis and Cavanagh, " 1993; Hardt and Mann, 1980; Koopman et al., 1995; Ren et al., 2008) . While these methods provided satisfying results, they were very specic to the given task and the population. A more generic approach for solving the load sharing problem consists by minimizing a cost function was presented by (Vaughan et al., 1982) . Instead of focusing only on the ECL problem, Vaughan et al. "# (1982) chose to explicitly introduce the unknown net joint loads (NJL) into the problem. It allowed to estimate NJL and ECL in the same procedure and also to use NJL into the cost function. Based on this approach, they obtained interesting results for dierent kind of movements. However, the study suered from several limitation: there results were strongly dependent on the initial # guess of the solution, the methods was only tested in 2D and in cases with no more than two unknown ECL wrenches, and the results were reported for only one cost function.
This indicates that there is still a lack of methodologies for estimating the ECL, particularly in under-determined cases. This study proposes a generic ## method which utilizes a combination of inverse dynamics and optimization. It is intended to be relatively simple, computationally cost eective and robust.
The proposed method is tested on human sit-to-stand maneuvers performed holding an handle with one hand, i.e. asymmetrical movements with multiples external contacts. Inuence of the number of unknown ECL components and $ of dierent cost functions are evaluated.
Modeling
This section introduces the generic problem to be solved in this study.
Description of system considered
The system considered is a whole body human model made of n s rigid seg-$# ments linked by n j joints representing a total of n dof degrees of freedom (DoF).
The kinematics and inertia properties of the segments are considered to be known.
Dynamics and constraints of the system
The dynamic wrenches for each segments, due to the inertial and gravita-% tional eects, can be estimated from their kinematics and inertia properties and aggregated to obtain the dynamic wrench of the overall system. This wrench has to be balanced by the known and unknown ECL, resulting in a system of 6 linear equations with n u unknowns. Alternatively, we chose to write the Newton-Euler equations for each segments, introducing the internal loads acting %# between the segments. It led to a set of 6n s linear equations (6 per segments) with n u + 6n j unknowns (corresponding to the unknown ECL components and the NJL):
t is a single vector grouping all the unknowns, S is the vectors containing the 6n j NJL (3 forces and 3 torques per joint), U is the vectors of the & n u unknown ECL components, a eq is a matrix relating the joints and unknown ECL components with the corresponding aected segments, and b eq is the eect of the dynamic wrench, known ECL and loads due to the gravity for all the segments (see Appendix for the details).
The physical limitations of the studied system, such as unilaterality of the &# contacts or maximum motor torques that could be developed, are also considered in this study. In order to make the resolution of the problem faster and more robust( see Section 2.3), we chose to express these limitations as linear equations of the unknown vector x. Mathematical description of these constraints are given in Appendix. '
The description of the system dynamics and limitations boils down to the linear system:
This study focuses on under-determined problems for which there are fewer governing equations than the unknowns (6n s < 6n j +n u ). In order to select only '# one solution among all the possibles, additional expectations for this solution are introduced via a function to be minimized. For numerical purposes (developed in the discussion) we propose: 1) to write this function in a specic form (squared euclidean norm of a linear function of x), 2) to add an additional term to it the squared euclidean norm of x with a very low weighting factor and 3) to set the equality constraints as penalties. Eventually, it led to the following optimization problem:
where ∥ ∥ represents the euclidean norm, s is a matrix dening a linear transformation of x, and α, β and γ are weighting factors.
This problem can be rewritten as a quadratic programming problem:
with H = 2αs T s + βI + γa T eq a eq a positive denite matrix (see Discussion) and
3. Case Study 3.1. Task and motions studied Experimental data were collected on six healthy young male volunteers (stature = 1752±61 mm, weight = 66±8 kg and age = 26±3 yo), having no musculoskeletal disorder.
Subjects were initially seated on a at rigid seat with feet on the ground and the right hand grasping a horizontal handle. The handle was centered in the sagittal plane of the subject, located at the level of the subject's eyes when # seated and at a distance corresponding to the shoulder-wrist length. They were asked to rise from the seat to a standing posture using the handle (see Figure   1 ). Three dierent seat heights were tested: 50% (H 50 ), 75% (H 75 ) or 100% (H 100 ) of the knee height. The task was repeated two times for H 50 and H 100 and six times for H 75 .
Experimental Data Collection and Processing
A Motion Analysis R ⃝ system, sampling at 100Hz, was used to capture the trajectories of 51 reective markers placed on the subject. All ECL between the subject and its environment were recorded using three force plates (under each foot and under the seat) and a 6-axes load sensor placed between the handle # and the frame.
Kinematics was reconstructed using a global optimization procedure (Wang et al., 2005) and a 16 rigid bodies -33 degrees of freedom kinematic model (see Figure 2 ). The segment inertia parameters were estimated from regression equations (Dumas et al., 2007a) . NJL were computed using a recursive ! approach (Doriot and Cheze, 2004) and two calculation strategies (bottom-up and top-down) converging at the lumbar joint (Robert et al., 2007) . These NJL computed using all the contact loads information will later be used as reference to estimate the quality of the optimization (see Section 3.5).
Modeling Hypotheses !#
The methodology proposed in section 2 is applied using the measured kinematics and dierent subsets of the measured ECL.
Three dierent sets of known (i.e. which are measured) and unknown ECL were considered (see Figure 2 ): 1) S 1 -both seat and hand contact wrenches are known; 2) S 2 -only seat contact wrench is known; 3) S 3 -only the vertical force " of seat contact wrench is known and other components are assumed absent.
When unknown, hand to handle interaction was represented by a full wrench applied at the projection of the third metacarpophalangeal joint on the handle.
The contact between the foot and the ground were modeled as 3 punctual unilateral contacts with tangential force limited by friction (static coecient µ=0.5) "# and positioned under the 1st and the 5th metatarsal heads and the heel. These 3 punctual contact wrenches were further aggregated to represent the foot to ground interaction with a single contact wrench. Three types of constraints were applied: unilaterality and dry friction con-# straints for punctual contacts, and maximal motor torques that could be developed by the subject (see Table 1 ). Mathematical description of these constraints are given in Appendix. 
Resolution of the Optimization Problem

##
Three dierent expectations on the load sharing were tested: minimization in a least square sense of 1) the unknown external contact forces (ECF); 2) the net joint torques (NJT), 3) the motor torques normalized by their maximum allowable value (MT % see Table 1 ). It resulted in three cost functions C i 's of
with s i matrices dening the linear transformation of x the unknown vector of ECL and NJL into the vector of ECF, NJT or MT % respectively (details in Appendix). Values of α i were adjusted based on the average value of s i (see Table 2 ), while β and γ were set to 10 −5 and 10 5 respectively.
These quadratic programming problems were solved using the Matlab 4 ⃝ $# quadprog solver. The algorithm was automatically initialized for the rst frame of the motion (initial point set to a vectors of ones (MathWorks, 2012) ). For the remaining frames it was initialized using the results of the previous frame.
Analyses
Three cost functions (C 1 -C 3 ), three contact congurations (S 1 -S 3 ) and % three experimental seat heights (H 50 , H 75 and H 100 ) were considered. Seven
combinations of these variables were tested (see Table 2 ). For each of them, the NJL and the unknown ECL were estimated for every maneuver performed by the six subjects. Forces and torques were normalized by body weight (BW) and body weight times body height (BW.BH) respectively (Hof, 1996) . Peak %# values of the norm of the simulated ECL and NJT were extracted and referred as P sim hereafter. In addition, time history proles of the norm of the simulated data were compared to their reference curves. RMS dierences normalized by the amplitude of the reference curve were computed and referred as R % . The reference data were: 1) the measured experimental data for the ECL; 2) the & results of the inverse dynamics performed using the experimentally measured ECL (see section 3.2) for the NJT.
ANOVAs and Tukey's post-hoc tests were used to analyze the eects of 1) the cost function on R % in S 2 and H 75 (three rst rows of Table 2) , 2) the contact conguration on R % using C 3 and in H 75 (rows three to six of Table 2 ), &# and 3) the seat height on P sim using C 3 and in S 3 (last three rows of Table 2 ).
Results
The procedure successfully converged for all the tested motions and congurations. An evaluation was performed to observe if equality constraints set as penalties were satised. It was found that the residual values of ∥a eq .x − b eq ∥ ' (see Equation (5) This study focused on under-determined problems. However, in some situations, the system of equation (2) may become over-constrained. It typically $ happens in case of temporary inconsistencies between the modeling hypotheses and the imposed experimental data (estimated accelerations or BSIP). In this study we chose to set the equality constraints as penalties in the cost function.
It led to the optimization problem (3), only constrained by the set of inequalities representing the system's limitations. These later are independent of the $# experimental data and, besides modeling incoherences, unlikely to nullify the space of solution. Consequently the problem (3) always has at least a solution.
Although this solution only satises as well as possible the equations of motion, it may be acceptable for small residual values of the penalties. In this study over-constrained situations may happen around the seat-o in the contact con-% guration S 1 . As displayed in Figure 4 , the foot contact wrenches may be too tightly constrained for some motion, leading to small discrepancies between the modeled BoS and the experimental CoP trajectory. These discrepancies could be compensated by the hand contact wrench when this later is not imposed, but led to an over-constrained problem when the hand contact wrench is imposed %# (contact conguration S 1 ). The observed residual values remained relatively small, and the obtained solutions were thus acceptable. However, a track for improvement would be to nely dened the shape of the BoS, by adding contact points for example. Three dierent contact congurations were considered in this study. Statistical analysis showed that this parameter did not signicantly inuence the ! quality of the results (dierence between reference and simulated data). In particular, reducing the number of unknowns did not improve the R % (S 1 vs S 2 ).
Results obtained in S 3 (using only the vertical force component of the seat contact wrench) are important in terms of application. They suggest that, for the studied movement and population, measuring only the vertical force under the !# seat would allow a relatively correct estimation of all ECL and NJT: not only the values of R % were small (about 10% for the feet ECL and 20 % for the NJT), but the inuence of an experimental parameters (the Seat Height) was also correctly predicted. In this case, peak values of NJT and ECL increased when the seat height decreased, as observed from the experimental data (Robert et al., 2011) . ! This could be of particular importance for ergonomic studies where usually the goal is to understand the inuence of dierent experimental parameters on the motion dynamics and which often suer from instrumentation diculties.
Limitations
The methodology was only evaluated for one type of motion and a small !# sample of single population. Load sharing criterion may evolve between motion and population, and may include other parameters such as the comfort or balance. This should be further studied.
Moreover, the contact congurations considered in this study remained constant during the motion. Although the kinematics and measured contact loads ! may suciently drive the problem, discontinuities in solution may appear when considering intermittent contacts. One could thus consider describing the problem using parametric curves and to solve it as a whole instead of frame by frame. The dynamics of each segment is described using the Newton-Euler equations. It can be written, independently of the joints or the associated degrees of freedom:
Conict of interest statement
where A i (column vector of 6 components) represents the dynamic wrench of the segment i and K i , U i , S i and G i the loads applied to the segment i by the external contact (known and unknown respectively),the other segments in contact with i (i.e. the intersegmental loads) and the gravity (also column vectors of 6 components). A i , G i and K i are known while U i and S i are the 10 unknowns.
By 1) describing the system topology using simple matrices, 2) grouping the unknowns (joint loads and non measured contact load components) into one single vector x and 3) expressing the unknowns in their local coordinate system, the 6n s Newton-Euler equations for the whole system can be written 15 as:
where:
and [J K ] define the system topology, i.e. which segment is affected by which joint (6n s lines and 6n j columns), unknown contact (6n s lines and n u columns) and known contact (6n s lines and n k columns) respectively.
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[ R] is the transformation matrix between the global coordinate system and the natural coordinate systems of the joint loads and the unknown contact forces (square matrix of dimension 6n j + n u ).
[S] RLoc and [U ] RLoc are the Net Joint Loads (column vector of 6n j components) and unknown contact loads (column vector of n u components) expressed in their Local Coordinate Systems R Loc .
[A] R0 , [G] R0 and [K] R0 are the dynamic wrenches of all segments, the external loads due to the gravity for all segments and the known contact loads expressed in the Global Coordinate System R 0 (column vectors of 6n s , 6n s and n k components respectively).
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Equation 2 describes the whole system dynamics and can be viewed as a set of linear equations regarding the unknown x:
With, by identification:
A.2. Constraints
Unilaterality of contacts (e.g. the foot can only push on the ground) can simply be described by a constraint on the force normal to the contact surface (F n ≥ 0). For the whole system, it lead to :
In a first approach friction can be represented by a simple Coulomb model.
The friction cone can be reduced to a squared base cone whose vertices are aligned with the axis of local coordinate system associated to the contact (see Figure 1 ). Considering that the normal force has a constant sign 1 , it leads to 
For the whole system it can be rewritten in a linear set of equations:
One can also introduce limitations on the maximal torques that a subject can developed. They can be introduced as constraints on the motor torques, i.e. the torques acting along the joint mobility axes of the associated kinematic model. These torques are obtained by orthogonal projection of the net joint 50 torques on the mobility axes (Desroches et al., 2010) . This can be written for every kinematic dof as two linear inequalities:
a cT max is a matrix (n dof lines by 6n j + nu columns) transforming the unknown vector x into motor torques, i.e. projecting the net joint torques expressed 55 in their local coordinate systems onto the mobility axes and deleting the other components (net joint forces and unknown contact loads);
b cT max and b cT min are column vectors (n dof lines) containing the maximum values for the torques in the two directions along the mobility axis (e.g. maximum flexion and maximum extension).
